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ABSTRACT

We consider the nonlinear elliptic degenerate equation

/ 2  2 \21~ u ~ u\(1) — x 
~~
— + —i + 2u = f(u) in ~2 1 ci

• \~X ~y,

wh ere

= { (x,y) ~ P
2 
, o x a, Iv~ a]

for some constant a ~ 0 and f is a C function on ~ such that

f(O) = t’(O) 0. Our main result asserts that : if U (‘( ~~ ) sat i~;fit’sa

(2) u (O,y)  — 0 for y
~ 

a

-2then x u(x,y) C (
~
1
/2
) and in particular u C
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SIGNIFICANCE AND EXPLANATION

Special solutions of the Yang—Mills field equations of theoretical physics

may be obtained by solving a boundary value problem for a nonlinear elliptic

equation in a two dimensional half space. This equation degenerates at the

boundary of the region and this deceneracy makes it a delicate matter to study

how the solutions behave near the boundary . In this work it is proved that the

weak solutions previously known to exist are in fact smooth up to the boundary.
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BOUNDARY REGULARITY FOR SOME

NONLINEAR ELLIPTIC DEGENERATE EOUATIONS

• Haim Brezis and Pierre-Louis Lions

• 1. Introduction

• This paper deals with the question of boundary regularity of solutions of

a nonlinear elliptic degenerate equation of the form

2(1) — x  Au + 2u~~~ f(u) in ~2a

where

I
((x ,y) E 0 x < a, I~I a}

1=
for some constant a ~ 0, and f is a C function on R such that

(2) f(0) = f’(O) = 0

Our main result is the following

Theorem 1. Assume u C (c1 ) n C(~~) satisfies (1) and

(3) u(O ,y) = 0 for y~ < a

-2 ~~~~~-Then x u(x,y) ~ c 
~
0
a/2~ 

and in particular u C

Equation (1) occurs in the theory of inultiineron solutions to Yang-Mills field

equations (see [2J). More precisely the equation in [2) is:

2 3- x  ~~~~~ - 4 ~ — 0  ~~

together with the boundary conditions:

F 9~(O,y) — ± 1 .

fl If we set u — * 1 we finti

• 
— x2 Au + (u±l) 3 

— (u±1) — 0

~~ ::~: 
by the United Sta:: Army under Contract No. DAAG29-75-c-0024. 
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t h c i t  ~s (~~) w t t h  f ( )  = 
1 

. In  ~I i t  ~~ ; c U t t V  ~~1t ~ Vt ’ct t i t . it

t IflUOUS U~ t t ~I~~’ [X)UI1~ i..k t V ~~ X~~~’ } t  cit  the ,~ c t f i t  w h e i t  
~ ~‘ t t t c J t ’~~ ~ ‘ l I I I i’h~~ ‘I ~~Ifl

1 shows thcit • i U C UI t ~ the b oun dary  (xc ’} t cit the )‘oi!tt~. w h e t t ’ h

t~~n)

We thank A. ~l ci f fe  for  ~~~t : q~~ U t i nq t ht ’ problem cud C . c o u  I c i c ) t t  i C t c I t  USt’t  U I c i  I

cussions.

Some lemmas.

The proof  t t l  ~ t ’~
; ~ i i i  some lemmas

Lemma 2. Assume u ~~~~ ) n c ( :  ) ~t j ~~f i e ~~:-
~~~~~~ a ci

4( 4)  — x .\u + .~u ~(u + x ) on

for some constant ci

( 5)  u (O,y) — ~ for ci

Then, t h e r t ~ is a constar~t ~ such that

u (x ,y) ‘- ~x
2 

on .

Proof of Lemma 2. For b a set

M~~ = S u ~~~lu ~

Since by (5) M
b 0 as b 0, we may fix b so small that

( 6)  cib~~~ 1 2

(7) t SII4b 1/400

We shall establish that

(8) Iu(x ,0) Ax2 for  ~ ‘

where

1 ~•I t )

(9) A — Max -tV , —,
-—

~~~}



The C c ) I I c l l l S i O f l  ot Lemma 2 follows easily . In order to prove (8) we introduc e

the fun ct i o n

( 10) v(x,y) = Ax2 - 8x4 + Cy
4

• where A is defined by (9),

(11) B = — ~~
2b

(12) C =—

A direct computation shows that

(13) - x2 Av + 2v ~ c*(v 2 
+ x

4) on ,

(14) v(x , ~ b) M
b 

for 0 x ‘- b 
fr

( 15) v(b,y) 
~ 
M~, for 0 < 

~‘ 
< a

(16) c~ Sup v < 1

(17) v > 0  on

We now derive, using the max imum principle that

(18) u~~~v on

Indeed by (14) and (15) • u < v on 3%

Suppose, by contradiction , that (u-v) achieves a positive maximum at

(x
0 , y0) ~ % 

. We would have

• A(u-v)(x
0, y0

) < 0

On the other hand, we deduce f rein (4) and (13) that

2 2 2- x ti(u-v) + 2u - 2v < ~(u 
- v ) °~ 1~ b

ic • . •~• •~414 
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Consequently

I f ’ (u) D~u I 2 < c 8 ( I D ~u I 2 + x4)

and Lemma 2 applied to D u  shows that

ID~l1I < °~

• The conclusion of Lemma 3 for k = 1 follows directly. When k a 2 we proceed

in a similar way , by induction, differentiating (1) k times with respect to y.

Lemma 4. Assume P E c
2(1O ,a[) rt C([O,afl satisfies

— x2 D
2 p(x) + 2P(x) = h(x), 0 < x < a

where h c L (0,a).

• Set 4i(x) = x 2
’p(x), then

D~~(x) = - x 4 
f h(t)dt, 0 < x < a .

Proof. Indeed we necessarily have

p(x) = .-.! + C2
x2 + x

2 f  
cis 

f
5
h(t)dt

for some constants C
1 and C2

. Since the last term remains bounded as x -# 0

we must take C1 = 0, and the conclusion follows.

3. Proof of Theorem 1.

We have by (1)

- x2D
2u + 2u = x2D2u + f(u) .
x y

Let v(x,y) — x 2u(x ,y ) . We deduce from Lemma 4 that

(19) D
~
v(x,y) = - x

4 
I
X
(t2D

2 (t ) + f(u(t,y)fldt .

0 ~
‘
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V a l  ~~~~ U I 1 ’ I )  1 U t  —
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. ( i .
~
,
~~

•l I 5 x ~~~
.( . x V ) , I l .

I o~~. :1  .-i’~ : s :flin~j I ~1~’;’ 1 1 ~ w t h k ~ ~t!~~1 k

~ ~~ I X , V )  C x ~~I h Cx — 
St .-

• I ~ ~~~~ •~ h t  ~~~~ I l c it  e’ ~ .~
) k t lIne s wit ii r ,s ~ -~•~~t t o  we o~~ t ci I f i , tl~ . I :1- I

I • t h c i t

~ I~~ v t x ,v )  C onx v - — k

t . ’r a l l  k

i-te may r~ow 1 f t ’ r  ~ nt  ~~~~~ (2 C)  once W 1  t h  r 
~~~~~~~~~~~~~ to  x cind k t 1tne~. w i  I

iss isect  to  v cind we fi~ J tha t

k
1~ x ,v)  ‘ 

~~ Onx x v  — k

for  a ll  k .  Pr s’ceedi ~q by induct ion  we obt ci in  t ’st imat  es for  ~~~P
k

v •t ~i~ t ~~
~~Ot l Ol  us ion ot T~h t ’orern I follows (note that we hcv~’ even an es t m a t  ~‘ o t t ~ie ot ni

• 1D ~ D k V ( X , V I  Cx when is odd ) .
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ABSTRAC1~ (continued)

f(0) — f’(O) ~ 0. Our main result asserts that : if  ii t c ( h . ) s a ti s fi e s

(2) u (0,y )  = 0 for  y~ a

-2 ~~~~~
-

then x u(x ,y) c (.~~~~
) and in particular u • C ( C

a/2
)
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